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This article presents a construction of all symmetric designs with parameters (70,24.8) on which the 
group Es 3 F,, operates so that the automorphism of order 7 operates fixed-point-free. A method 
based on enumeration of cosets in group is used for the construction. 
1. Introduction 
So far only one symmetric design for (70,24,8) is known [Z]. This design is self-dual 
and has a full automorphism group F,, x Z, of order 42. It was of interest to find 
a symmetric design with these parameters on which a large group of automorphisms 
(of order g > 70) would operate. We shall construct symmetric designs for (70,24,8) 
with a group of automorphisms Es 0 Fzl of order 168. Janko’s method based on 
enumeration of cosets in group has been used for the construction [3]. 
2. Preliminaries 
Let the group G of the order ICI =g operate on the symmetric design D with 
parameters (u, k,A). The G-orbits of the points and G-orbits of the blocks 
P,,P,,...,P,,B,,B,,..., B,, make a tactical decomposition of the design D [l]. 
The parameters of this tactical decomposition mi= 1 Pil, tIi= 1 Bil and pji, 
i, jE { 1,2,. . . , C} (pjt is the number of points from the orbit Pi on the block from orbit Bj) 
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satisfy the relations: 
Pjl + Pj.7 + ... +pjc=k, 
m,+m,+...+m,=c, 
n, +n2+ ... +n,=c, 
( 1 nj m, ,0fl + $ p,?2 + . . . +$:, 1 =inj+n, 
for all ,i=1,2 ,..., cand n=k-i, and for each j#lr, (j,h=1,2 ,..., c) 
(1) 
(2) 
(3) 
(4) 
The orbit structure of the group G on the design D is the matrix T=(pji) 1 <i,j <c 
which we shall present in the following form, 
m, m2 ... m, 
pll PIN ... kc nl 
1121 ~22 ... ~2~ n2 
. 
. . . . . 
. 
~4 ~~2 ... pee 4 
The group G operates on each G-orbit transitively so that [G: G,] = mi(ni) where G, is 
the stabilizer of a certain point (block) x from the ith orbit (i = 1,2,. . . , c). Consequently 
mi and ni appear as indices of certain subgroups in G, so that they are also divisors of 
1 Cl. The design will be constructed if the orbit structure obtained is indexed, that is, if 
all the belonging points of the representative of each block orbit are determined. For 
the representative of the block orbit Bi we take the block stabilized by the subgroup 
H of group G for which [G: H] =mi. The research also makes use of the following 
results about the possible number of fixed points of an automorphism on a symmetric 
design (see [4] and [S]): 
If ,f is the number of fixed points of an automorphism c( # 1 of symmetric design for 
(II, k, I.), then 
,f’< k +(k - i)“‘. (6) 
If CI is an involution and .f’#O then 
i I+[ if k and 1. are both even, 
.f 2 
1. 
k-l 
I+,- otherwise. 
/” 
3. Operation of the group G= Es 1 F,, 
(7) 
Let us assume that the group G=E8 1 F21 (a faithful extension of an elementary 
abelian group E8 of order 8 with the non-abelian group F,, of order 21) of order 
53 
Table 1 
Subgroup Degree of Z, has fixed 
representation points 
Z, has fixed 
points 
(h.c.d,e) 7 7 7 
(h,d,e) 14 6 2 
Cc; d, e> 21 21 0 
(h, c,> 28 4 1 
(d.r) 42 18 0 
(h) 56 0 2 
168 = 23. 3.7 operates on a symmetric design D with parameters (70,24,8) so that an 
automorphism of order 7 operates fixed-point-free. The group G is given in terms of 
generators and relations: 
u7= 1, h3= 1, K1ah=a2, a&‘ca=d, a-‘da=e, 
a-‘ea=cd, h~‘ch=c,h-‘dh=e,h~‘eb=de). 
If Z7 operates fixed-point-free, the lengths of all G-orbits on the design D are divisible 
by 7. Therefore, for the construction of the design, we shall use permutation repres- 
entations of group G whose degree is divisible by 7, i.e. permutation representations 
with respect to the subgroups whose order is not divisible by 7, or more exactly with 
respect to the subgroups: 
(h, c, d, e ) rr Z, J E8 (of order 24) 
(h,d,e)-A, (of order 12) 
(c, d, e) = E, (of order 8) 
(h, c ) =Z6 (of order 6). 
(d, e) rr E4 (of order 4) 
(h) 1 Z3 (of order 3) 
The permutation form of all generators of the group G were obtained by means of 
a corresponding program (by Hrabe de Angelis). From this, among other things, 
Table 1 is obtained. 
On the basis of Table 1 and of the possible number of fixed points of automor- 
phisms on the design (relations (6) and (7)) it has been shown that the 
group G cannot operate in more than 4 orbits on the design D. On the same basis 
the possible orbit lengths have also been obtained. Ten different orbit structures 
54 
(8) 7 7 28 28 
4 412 4 7 
8 16 ) 42 t 4 4 4 12 17 
I 3 IO IO 28 
3 I IO IO 28 
Fig. I 
satisfy the corresponding relations (1) to (5), of which only the following two lead 
to designs. 
4 20 56 1 320 28 
3 1 20 28 
It is not possible to index the 8 orbit structures shown in Fig. 1. The orbit structures 
(1) to (6) were brought to contradiction on the basis of the possible lengths of stabilizer 
orbits on the G-orbits. For example, for orbit structure (l), subgroup (b,c,d,e) 
stabilizes a block k from first block orbit. Block k is (b, c, d, e)-invariable and special 
Z3 = (b)-invariable and contains complete Z,-orbits of points. On G-orbits of length 
7, Z3 has one fixed point and 2 orbits of length 3. Consequently, block k cannot have 
2 points from an orbit of length 7. For orbit structure (7) we obtain a contradiction on 
E,-invariable block 1 from the second block orbit. The automorphism c normalizes 
subgroup E4 = (d, e) which means that it permutates E,-orbits. On the basis of this 
we obtain that 11 n 1’1 > 8. There is no possibility of indexing the orbit structures (8). 
This was proved by means of a computer. The indexing fails on the representative of 
the second block orbit. 
I 8 2 IO 3 5 12 II I6 19 20 31 26 56 62 66 24 27 29 30 41 60 51 69 
2 IO 3 I2 4 6 I3 I4 32 52 58 57 27 30 38 45 25 I5 I8 I9 42 61 31 67 
3 I2 4 13 5 7 II 9 33 53 59 68 I5 I9 20 21 26 22 46 52 43 62 57 70 
4 I3 5 II 6 I I4 8 34 54 60 69 22 52 58 44 27 23 47 53 28 38 68 51 
5 II 6 I4 7 2 9 IO 35 55 61 67 23 53 59 63 I5 24 48 54 I7 20 69 31 
614 7 9 I 3 8 I2 36 56 62 70 24 54 60 64 22 25 49 55 39 58 67 57 
7 9 18 2 4 IO I3 37 30 38 51 25 55 61 65 23 26 50 56 40 59 70 68 
8 I IO 2 I2 II 3 5 I5 I7 I8 21 50 70 36 43 64 28 45 37 48 54 38 34 
IO 2 I2 3 I3 I4 4 6 22 39 46 44 29 51 37 28 65 I7 21 I6 49 55 20 35 
I2 3 I3 411 9 5 7 23 40 47 63 I8 31 I6 I7 66 39 44 32 50 56 58 36 
I3 4 II 514 8 6 I 24 41 48 64 46 57 32 39 45 40 63 33 29 30 59 37 
II 5 I4 6 9 IO 7 2 25 42 49 65 47 68 33 40 21 41 64 34 I8 I9 60 I6 
I4 6 9 7 8 I2 I 3 26 43 50 66 48 69 34 41 44 42 65 35 46 52 61 32 
9 7 8 I IO I3 2 4 27 28 29 45 49 67 35 42 63 43 66 36 47 53 62 33 
I2 3 5 I5 I6 22 23 25 64 28 50 29 66 41 39 47 65 57 53 61 59 67 52 
2 3 4 6 22 32 23 24 26 65 I7 29 I8 45 42 40 48 66 68 54 62 60 70 53 
3 4 5 7 23 33 24 25 27 66 39 I8 46 21 43 41 49 45 69 55 38 61 51 54 
4 5 6 I 24 34 25 26 I5 45 40 46 47 44 28 42 50 21 67 56 20 62 31 55 
5 6 7 2 25 35 26 27 22 21 41 47 48 63 I7 43 29 44 70 30 58 38 57 56 
6 7 I 3 26 36 27 I5 23 44 42 48 49 64 39 28 I8 63 51 I9 59 20 68 30 
7 I2 4 27 37 I5 22 24 63 43 49 50 65 40 I7 46 64 31 52 60 58 69 I9 
8 IO I2 II I6 I5 58 68 55 24 27 26 45 43 48 57 53 61 39 47 65 40 49 44 
IO I2 I3 14 32 22 59 69 56 25 I5 27 21 28 49 68 54 62 40 48 66 41 50 63 
I2 I3 II 9 33 23 60 67 30 26 22 I5 44 I7 50 69 55 38 41 49 45 42 29 64 
I3 II I4 8 34 24 61 70 I9 27 23 22 63 39 29 67 56 20 42 50 21 43 18 65 
II I4 9 IO 35 25 62 51 52 15 24 23 64 40 I8 70 30 58 43 29 44 28 46 66 
I4 9 8 I2 36 26 38 31 53 22 25 24 65 41 46 51 19 59 28 I8 63 I7 47 45 
9 8 10 I3 37 27 20 57 54 23 26 25 66 42 47 31 52 60 I7 46 64 39 48 21 
I IO 12 5 I7 I9 32 59 65 34 45 70 27 62 60 52 33 25 44 63 55 23 35 39 
2 I2 I3 6 39 52 33 60 66 35 21 51 I5 38 61 53 34 26 63 64 56 24 36 40 
3 I3 II 7 40 53 34 61 45 36 44 31 22 20 62 54 35 27 64 65 30 25 37 41 
4 II I4 1 41 54 35 62 21 37 63 57 23 58 38 55 36 I5 65 66 I9 26 I6 42 
5 I4 9 2 42 55 36 38 44 I6 64 68 24 59 20 56 37 22 66 45 52 27 32 43 
6 9 8 3 43 56 37 20 63 32 65 69 25 60 58 30 I6 23 45 21 53 I5 33 28 
7 8 IO 4 28 30 I6 58 64 33 66 67 26 61 59 I9 32 24 21 44 54 22 34 I7 
I 2 I2 II I8 20 39 33 67 54 37 43 51 26 69 22 59 35 58 40 42 47 25 32 
2 3 I3 I4 46 58 40 34 70 55 I6 28 31 27 67 23 60 36 59 41 43 48 26 33 
3 4 II 9 47 59 41 35 51 56 32 I7 57 I5 70 24 61 37 60 42 28 49 27 34 
4 5 I4 8 48 60 42 36 31 30 33 39 68 22 51 25 62 I6 61 43 I7 50 I5 35 
5 6 9 IO 49 61 43 37 57 I9 34 40 69 23 31 26 38 32 62 28 39 29 22 36 
6 7 8 I2 50 62 28 I6 68 52 35 41 67 24 57 27 20 33 38 I7 40 I8 23 37 
7 I IO I3 29 38 I7 32 69 53 36 42 70 25 68 15 58 34 20 39 41 46 24 I6 
8 2 3 II I9 I7 46 40 61 69 29 56 28 36 54 44 63 55 52 33 25 68 42 57 
IO 3 4 14 52 39 47 41 62 67 I8 30 I7 37 55 63 64 56 53 34 26 69 43 68 
I2 4 5 9 53 40 48 42 38 70 46 I9 39 I6 56 64 65 30 54 35 27 67 28 69 
I3 5 6 8 54 41 49 43 20 51 47 52 40 32 30 65 66 I9 55 36 I5 70 I7 67 
II 6 7 IO 55 42 50 28 58 31 48 53 41 33 I9 66 45 52 56 37 22 51 39 70 
I4 7 I I2 56 43 29 I7 59 57 49 54 42 34 52 45 21 53 30 I6 23 31 40 51 
9 I 2 I3 30 28 I8 39 60 68 50 55 43 35 53 21 44 54 I9 32 24 57 41 31 
8 IO 3 5 20 I8 57 63 49 60 30 66 38 50 34 58 40 42 22 59 35 53 55 46 
IO I2 4 6 58 46 68 64 50 61 I9 45 20 29 35 59 41 43 23 60 36 54 56 47 
I2 I3 5 7 59 47 69 65 29 62 52 21 58 I8 36 60 42 28 24 61 37 55 30 48 
I3 II 6 I 60 48 67 66 I8 38 53 44 59 46 37 61 43 I7 25 62 I6 56 I9 49 
II I4 7 2 61 49 70 45 46 20 54 63 60 47 I6 62 28 39 26 38 32 30 52 50 
Fig. 2. Continued. 
14 9 1 3 62 50 51 21 47 5X 55 64 61 48 32 38 17 40 27 20 33 19 53 29 
9 8 2 4 38 29 31 44 4X 59 56 65 62 49 33 20 39 41 15 58 34 52 54 IX 
I IO 3 II 21 31 52 47 35 48 38 36 30 56 24 32 23 67 46 68 49 33 65 22 
2 I2 4 14 44 57 53 4X 36 49 20 37 19 30 25 33 24 70 47 69 50 34 66 23 
3 I3 5 9 63 68 54 49 37 50 58 16 52 I9 26 34 25 51 48 67 29 35 45 24 
4 II 6 8 64 69 55 50 I6 29 59 32 53 52 27 35 26 31 49 70 I8 36 21 25 
5 I4 7 IO 65 67 56 29 32 I8 60 33 54 53 15 36 27 57 50 51 46 37 44 26 
6 9 I 12 66 70 30 I8 33 46 61 34 55 54 22 37 15 68 29 31 47 I6 63 27 
7 8 2 I3 45 51 I9 46 34 47 62 35 56 55 23 16 22 69 I8 57 48 32 64 15 
x 2 I2 5 31 21 44 53 42 41 51 62 37 70 64 46 68 49 32 23 67 63 61 5X 
IO 3 13 6 57 44 63 54 43 42 31 38 I6 51 65 47 69 50 33 24 70 64 62 59 
I2 4 II 7 6X 63 64 55 28 43 57 20 32 31 66 48 67 29 34 25 51 65 38 60 
13 5 I4 I 69 64 65 56 I7 28 68 58 33 57 45 49 70 1X 35 26 31 66 20 61 
II 6 9 2 67 65 66 30 39 17 69 59 34 68 21 50 51 46 36 27 57 45 5X 62 
I4 7 8 3 70 66 45 19 40 39 67 60 35 69 44 29 31 47 37 I5 68 21 59 3X 
9 1 IO 4 51 45 21 52 41 40 70 61 36 67 63 1X 57 4X I6 22 69 44 60 20 
Fig. 2. Design AA 
4. Designs with two orbits 
If the design D has the orbit structure (A), that is, if the group G operates in two 
orbits, then permutation representations of degrees 14 and 56 are used for the 
construction. The orbit structure (A) can be indexed in 8 ways. For these 8 designs two 
isomorphisms have been found which determine two classes with 4 isomorphic 
designs each. By means of the statistics of the intersections of all block-triplets it was 
proved that the representatives of these classes are non-isomorphic. By dualizing one 
of them the other is obtained. So there is, up to isomorphism and duality, exactly one 
design and it is non-self-dual. If the points of design are marked with 1,2, . ,70 it has 
the form as shown in Fig. 2. 
The statistics of the intersections of all block-triplets for the design AA and dual 
design AA* is as follows. 
Intersection 
number -t 0 I 2 3 4 5 67X 
AA 224 5600 19656 21028 7560 588 X4 0 0 
AA* 224 5768 18900 22372 6384 1092 0 0 0 
5. Designs with three orbits 
If the design D has an orbit structure (B), permutation representations of degrees 7, 
14, 28 and 56 are necessary for indexing. By indexing 32 solutions are obtained. First 
by means of automorphism c and then by means of symmetry (i, i + 7) (i = 1,2,. . . ,7) of 
the points of the first and the second orbits, the number of designs is reduced to 8. It 
Design DI 
k=l 2 3 5 8 9 IO 12 15 17 18 21 26 56 62 66 24 27 29 30 41 60 51 69 
/=I 9 10 12 I5 16 22 23 25 58 68 55 30 62 69 37 36 34 40 49 44 59 67 52 
l,, = 2 3 5 8 I5 I6 22 23 25 58 68 55 29 66 41 45 43 48 32 33 35 46 63 42 
Design D2 
k=l 2 3 5 8 9 IO I2 15 17 18 21 26 56 62 66 24 27 29 30 41 60 51 69 
/=I 9 IO 12 15 16 38 70 54 51 56 60 39 47 65 57 53 61 40 49 44 59 67 52 
n1=2 3 5 8 15 16 22 23 25 58 68 55 30 62 69 37 36 34 39 47 65 57 53 61 
Design D3 
L=l 4 7 6 8 II I4 I3 I5 I7 IX 21 26 56 62 66 24 27 29 30 41 60 51 69 
/=I II I4 I3 I5 I6 22 23 25 58 68 55 30 62 69 37 36 34 40 49 44 59 67 52 
,,I = 4 7 6 X 15 I6 22 23 25 58 68 55 29 66 41 45 43 48 32 33 35 46 63 42 
Design D4 
li=l 4 7 6 8 II I4 I3 15 I7 I8 21 26 56 62 66 24 27 29 30 41 60 51 69 
/=I II 14 13 I5 I6 38 70 54 51 56 60 39 47 65 57 53 61 40 49 44 59 67 52 
n1=4 7 6 8 15 I6 22 23 25 58 68 55 30 62 69 37 36 34 39 47 65 57 53 61 
Fig. 3. 
was found that there is an isomorphism which determines four classes each with two 
isomorphic designs. By the statistics of the intersections of all block-triplets it has been 
proved that the representatives of these classes are non-isomorphic. All the four are 
non-self-dual (the lengths of point orbits are not equal to the lengths of block orbits). 
So, up to isomorphism and duality, exactly four symmetric designs have been 
obtained. These designs given by the representatives of block orbits are shown in 
Fig. 3. 
All the design blocks are obtained by the operation of the automorphisms of the 
group G on the representatives of the orbits. More precisely, the set of blocks as per 
orbits is given by: 
(k”‘,k’“‘Ii=0,9 ,..., 6), 
(la’,Id~‘,lea’,leda’Ii=0,9 ,..., 6), 
(WI”, mda’, meat, medo’ 1i = 0, 9, . . ,6 ) 
The automorphisms used are given by 
~=(9,2,3,4,5,6,7)(8,9,90,99,92,93,94)(95,22,23,24,25,26,27) 
(9 6,32,33,34,35,36,37) (17,39,40,41,42,43,28) (18,46,47,48,49,50,29) 
(99,52,53,54,55,56,30) (20,58,59,60,61,62,38) (21,44,63,64,65,66,45) 
(31,57,68,69,67,70,59); 
c=(95. 16) (17, 99) (18,20) (29,39) (22,58) (23,68) (24,64) (25,55) (26,50) 
(27,28) (29,45) (30,37) (32,46) (33,63) (34,69) (35,42) (36,62) (38,59) 
(39,57) (40,59) (41,48) (43,66) (44,52) (47,53) (49,67) (54,60) (56,70) 
(61365); 
58 
d =(15, 17) (16, 19) (18,21) (20,31) (22,32) (23,59) (24,69) (25,65) (26,56) 
(27,29) (28,45) (30,51) (33,47) (34,64) (35,67) (36,43) (37,38) (39,52) 
(40,68) (41,60) (42,49) (44,57) (46,58) (48,54) (50,70) (53,63) (55,61) 
(62366); 
e=(15, 18) (16,20) (17,21) (19,31) (22,39) (23,33) (24,60) (25,67) (26,66) 
(27,30) (28,37) (29,51) (32,52) (34,48) (35,65) (36,70) (38,45) (40,53) 
(41,69) (42,61) (43,50) (44,46) (47,59) (49,55) (54,64) (56,62) (57,58) 
(63,68). 
The statistics of the intersections of all block-triplets is as follows. 
Intersection 
number + 0 I 2 3 4 5 678 
Dl 140 5432 20370 20776 6912 1008 42 0 0 
D2 476 4620 20706 21224 6692 924 98 0 0 
D3 196 5432 20314 20384 7644 728 42 0 0 
D4 308 5012 20594 20776 7308 532 210 0 0 
6. The final result 
We have proved the following. 
Theorem. There are exactly, up to isomorphism and duality, 5 symmetric designs for 
(70,24,8) on which the group ES 0 FZ1 operates so that the automorphism of order 
7 operates fixed-pointjiee. They are all non-self-dual. 
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